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Abstract

Lightweight structural design is being researched and applied across many fields, including mechanical engineering, aerospace, and
manufacturing. Among the many methods used to reduce material weight while ensuring structural strength, topology optimization
has become a common choice due to its ability to optimize single-material, multi-material, and other multi-material structures such
as composites or porous materials. In this review article, a summary of recent research on variants of the Level Set-based topology
optimization method and their effects on structural topology optimization is presented. Among the variations and extensions of the
level set method, three approaches are highlighted in this study: Radial Basis Functions, Reaction-Diffusion Equation, and Velocity
Field Level Set Method, with emphasis on computation speed, computational cost, optimizer, and volume fraction. This is a new
aspect of this review, as it synthesizes quantitative results from studies to clarify the optimization capabilities of each approach. This
optimization capability will influence more complex studies, such as multi-material optimization. Furthermore, this study compares
the three selected approaches on the same system using open-source code for education to complete previously unpublished results,
thereby clarifying the advantages and disadvantages of each approach in greater detail. From this, this review provides clear reasons
for new studies to develop methods for more complex computational domains.

Keywords: computation speed; computational cost; multi-material level set; radial basis functions; reaction-diffusion equation;
velocity field level set method.

Introduction

As mentioned, topology optimization (TO) is applied in many engineering fields, such as mechanics (Jankovics & Barari,
2019), civil engineering (Hassan & Saeed, 2024), aerospace structures (Zhu et al., 2016a), as well as in various industrial
applications (Prathyusha & Raghu Babu, 2022), where weight reduction while maintaining structural strength is an
important requirement. In topology optimization for single material, Plocher & Panesar’s (2019) study suggested that
the density-based method is the most widely used due to its direct, simple, and efficient determination of each
element's density. This approach was called the Solid Isotropic Material with Penalization — SIMP (Rozvany et al., 1992;
0. Sigmund, 2001) method. Along with the development of the SIMP method, many other methods have also emerged
to contribute to solving topology optimization problems, including Method of Moving Asymptotes (MMA) (Svanberg,
1987), Evolutionary Structural Optimization (ESO) (Y. M. Xie & Steven, 1993), and others. Due to its extensive research,
the SIMP method is continuously improved and developed for optimization of multi-materials (Bohrer & Kim, 2021;
Doan et al., 2020), composites (Shah et al., 2023), and bio-mechanics (bones, implants, etc.) (Du et al., 2023; Lu et al.,
2023). A typical multi-material optimization method using SIMP is multi-material topology optimization (MMTO)
(Nguyen et al., 2019).
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First introduced by S. Osher & Sethian (1988), the level set method is an implicit geometry methodology that relies on
boundaries. Developing on this foundation, Allaire et al. (2004); M. Y. Wang et al. (2003) introduced the shape derivative
to refine the level-set-based topology optimization method. Unlike the SIMP method, the level set method (LSM) uses
a level set function to determine material properties based on its magnitude. Specifically, a level set function greater
than 0, equal to O, or less than O represents the material, boundaries, and voids, respectively, when projected onto the
computational design domain (Azari Nejat et al., 2022). The level set method offers flexibility in creating voids, ensures
structural continuity, and produces clear boundaries (Van Dijk et al., 2013). As a result, the level set method has been
developed in many variations, yielding results comparable to those of the SIMP method (Chung et al., 2019).

Optimization for multi-materials using level set methods is also a promising research direction. Within multi-materials
using level set methods research field, two main approaches can be identified, both of which use level set functions to
reconstruct materials. The earliest was the "Color" level set model (CLSM) method developed by Wang and Wang
(2004), notable for its advanced and efficient design. Several studies have also continued to use CLSM method for
comparison (Vogiatzis et al., 2017) or application to other problems, such as thermal problems (Allaire et al., 2013). The
CLSM method has a drawback: when optimizing for two-level set functions, it requires controlling four phases for total
two material and one void phases. The number of phases increases significantly as the amount of material to be
optimized increases. Wang et al. (2015) introduced the Multi-material level set (MM-LS) method in 2015, with the
novelty of reducing the number of phases in the calculation, calculating many types of materials more efficiently than
CLSM. Since then, (M. Cui et al., 2016), Liu and Ma (2018), Sha et al. (2021), Kumar and Rakshit (2025), and Nguyen-Tran
et al. (2025) have introduced different approaches in combining level set functions to represent materials in the
computational domain based on MM-LS.

The above introduction shows that the application of level set methods is currently developing rapidly, and there are
still many areas that can be further developed. This strong development both creates diversity in level set methods and
poses challenges for further development in more complex computational domains, such as those involving multi-
materials. The relationship between the level set methods used in single-material optimization and their effectiveness
when used for multi-material optimization has not been mentioned yet. In single-material optimization, the mesh size
affects the smoothness of the optimized geometry; the larger the mesh size, the smoother the optimized geometry.
This leads to an increase in DOFs, which then increases computation costs and time. Therefore, studying and comparing
the effectiveness of level set methods can be a premise for choosing to apply that method for multi-material
optimization, when the number of level set equations increases several times.

Radial Basis Function
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Figure1  The review paper framework.

Van Dijk et al.’s (2013) research summarizes methods for implementing LSM models and discusses the advantages and
disadvantages of different level set methods. In this study, different approaches to the level set method are presented
separately to highlight the development process of each approach. Different from Van Dijk et al.’s (2013) research, this
study focuses on improving methods in structural optimization, including reducing the number of convergence
iterations, computer resources, computation time, volume fraction, and the objective function. Therefore, the
advantages and disadvantages of the methods in this study are visually demonstrated in the results, along with the
limitations encountered. This can then suggest directions for future research or areas for improvement.

During the review process, published studies with accompanying educational codes will be noted. These notes provide
readers with options for experimenting with and learning about LSM. Finally, another new aspect of this review is the
use of three corresponding educational codes for three typical approaches: Radial Basis Function, Reaction-Diffusion
Equation, and Velocity Field Level Set method. These approaches will be directly compared on the same computing
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device (personal computer) for the cantilever beam problem. The results show that the Reaction-Diffusion Equation
method offers a more balanced set of advantages for further optimization or development in complex optimization,
such as multi-material optimization.

The following sections of this paper are presented in the following order. Figure 1 presents various analytical
perspectives on the optimization of the level set structure, based on selected articles relevant to the goals of this paper,
including radial basis functions, the reaction-diffusion equation, the velocity level set method, and other frameworks,
as well as multi-materials. These sections also present open-source codes. The comparative analysis section discusses
prominent methods, their comparisons, and discussions. Finally, last section gives the conclusions.

The Development of the Level Set Method for Single Material

Problem of Unified Theoretical Framework

In this study, papers using the level set method are selected based on criteria such as convergence speed, computation
cost, optimizers that accelerate convergence or enable void creation, and volume fraction, to form a unified theoretical
framework for the entire analysis. This approach distinguishes this review from others (Feng et al., 2018; Gibou et al.,
2018; J. Liu et al., 2018) in its synthesis of studies, as it presents analyses based on results according to the four criteria
mentioned above. These criteria were selected for the analysis for the following reasons:

1. Convergence speed is often one of the factors reflected in the results of topology optimization research.
Although not explicitly stated, some studies use the number of convergence iterations to demonstrate that a
new method is more optimal than a previous one . However, the total time required for convergence has not
been analyzed as an important parameter, which must be related to the total number of iterations. There are
two reasons that necessitate this correlation: firstly, optimization studies for the smoothness of the optimized
shape or for multi-material may require up to 200, 300, 500, or even 1500 iterations (O. Sigmund, 2007;
Sugimoto et al., 2024; F. Wang et al., 2011; Zhao & Zhang, 2021; R. Zheng et al., 2024). Secondly, when
comparisons are needed, the time per iteration is a better comparative metric than the number of iterations
only, because a small number of iterations can result in a very long time.

Table 1 Visualization of the review purposes on the level set method for single material.
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2. One challenge in topology optimization research is the hardware requirements of computer configurations
(Wegert et al., 2025; S. Xu et al., 2022; Yago et al., 2022). This research focuses on studies that can work
efficiently on personal computers, which are suitable for most new researchers. This efficiency not only
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achieves optimal performance on the current problem, but it also assesses the ability to develop complex
structures, such as optimizing 3D structures or multi-material problems, while maintaining optimal
performance on personal computers.

3. The presence of voids increases the complexity of the optimized geometry during topology optimization. In
other words, creating many voids is considered optimal for the method. Some level set approaches, including
conventional level set method (Wei & Paulino, 2020), find it difficult to create new voids, so optimizers such as
volume integration schemes are needed to generate them in the initial step, thereby speeding up convergence
(Wei et al., 2018; Wei & Paulino, 2020).

4. The volume fraction is one of the final results of the optimization process. Most studies reported this value
only as numerical values that converged, such as 0.5 or 0.45, without deeper discussion. Only a few studies
show that this result depends quite heavily on intermediate elements and the Lagrangian augmentation
method (Y. Cui et al., 2023), which is widely used in research. For single-material studies, the constrained
volume is usually large, for example, 0.5, so the volume fraction result is usually very close to the constrained
volume. However, when optimizing across multiple materials, each material has a very small volume, leading
to a significant discrepancy between the constrained and optimized volumes. This summary will demonstrate
this discrepancy in multi-material optimization studies, where authors also avoid providing these values.

From the optimization perspective, studies that focus on the level set method for single-material to improve
convergence speed, reduce computational cost, enhance the optimizer, and improve volume fraction are considered.
Each purpose is presented in Table 1, and the studies corresponding to each purpose are detailed below.

Radial Basis Function

The work of Wei et al. (2018) for Radial Basis Function (RBF) is chosen as the reference benchmark in this study. The
first reason is that Wei et al. (2018) introduced 88 lines of MATLAB code for educational purposes. Second, this work
used a volume integration scheme to increase optimization speed by starting with a lower volume fraction (see Figure
2).

Wei and Paulino (2020) improved the RBF method by using unstructured polygonal finite element models, enabling
optimization of more complex shapes, higher accuracy, and clearer material-void boundaries without the need for
additional smoothing methods. Wei and Paulino (2020) also replaced the Hamilton-Jacobi equation with a system of
ordinary differential equations (ODE) to update the level set function. However, the results showed no significant
improvement in convergence speed.

Figure 2  An example of the optimization process of the cantilever problem using 60 X 30 mesh size. (a) the boundary
conditions ; (b) initial holes distributed in volume integration scheme; and (c) optimized geometry.

Andrade and Santos (2022) used the Hilbertian extension to update the sensitivities along with the RBF method. In this
method, a velocity field is created, reducing the dependence on the mesh of the previous method (which only used the
natural normal velocity field). Andrade and Santos’s (2022) research also used the Ersatz material approach (Laurain,
2018) to achieve smoother density element values. Specifically, the Young's modulus of the voids is assigned a very
small value (i.e., 1e-4) rather than 0, and the material's Young's modulus is set to approximately 1, creating a continuous
cover zone around the boundary and resulting in a more seamless boundary. While this offers more advantages than
the previous approach, using the Hilbertian extension increases computation costs.

In 2024, Sobczak and Sokdt used RBFs and Hilbertian descent direction to approximate the level set function and
performed their analysis using the Wolfram Mathematica code platform. The novel contribution of Sobczak and Sokot
(2024) was the application of the analytical exponential formula in level set problems to reduce the number of iterations
required for convergence. However, the study did not directly compare computation time with other studies due to
differences in coding environments. In addition, this study focused on capturing the optimal shape, ignoring the
presence of some free solid elements in the void domain.
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In the same year, J. Zheng et al. (2024) published an improvement to the traditional RBF method that significantly
improved computational performance. J. Zheng et al.’s (2024) method combined RBF with finite difference to create a
meshless method based on local differentiation construction, namely RBF-FD-PLSM, thereby controlling the
computational matrix.

Acceleration of Convergence (RBF Approach)

Table 2 summarizes the convergence speed of radial basis function optimization problems from some prior researches.
These values were achieved when computer computing speeds were still relatively underdeveloped. Based on the
convergence iteration count, it can be seen that with the same approach, although performed in 2006, S. Wang &
Wang’s (2006) results are significantly better than Luo et al. (2009), as the problem converges at a low number of
iterations. Furthermore, in terms of computation time, Luo et al.’s (2009) study required only 45 seconds/iteration at a
finer mesh of 7200 elements, whereas S. Wang & Wang's (2006) study required 287 seconds/iteration at a mesh of 3200
elements. Therefore, there is reason to believe that Luo et al.’s (2009) study improves on S. Wang & Wang’s (2006) with
respect to the influence of computation time/iteration.

Table 2 Summary table of convergence rates of several older studies using the Radial Basis Function based level set method.

Mesh parameter Calculation Time . Computational
Research . Iteration
(Size parameter) (seconds) resources
40 x 20 543.8 34
S. Wang & Wang, CPU Intel Pentium IV
X
2006 60 % 30 4,595 >9 processor of 3.4 GHz
80 x 40 9,761 34
100 x 50 - 142 CPU processor of 3.06
(Luo et al., 2008) .
120 X 60 _ 153 GHz with 2 GB RAM
(Luo et al., 2009) 120 x 60 16,785 373 -

Meanwhile, in recent studies, as computation speed has improved across both hardware and programming methods,
convergence speed should be measured as the number of convergent iterations and the total computation time and
reported as the computation time per iteration.

Table 3 Computational cost of Radial Basis Function based level set method.

. . . Volume
Mesh parameter (Size Calculation Time . . .
Research Iteration fraction Computational resources
parameter) (seconds) v
f
Radial Basis Function
. 60 x 30 - 100 0.4996
Weietal, 2018 120 x 30 - 102 0.5001 -
Wei and Paulino
1 - 1 ~0. B
(2020) 000 00 0.5
Andrade and 120 % 60 ~ 624 48 CPU Intel Core i7-7500U, 2.7
Santos (2022) 180 x 90 ~ 715 2> ~05 GHz, with 16 GB of RAM
240 x 120 ~79.3 61 !
152 X 76
:??:?x;ﬁ) 256 x 128 - 50 . .
oKo 300 x 150
1. Zhene et al’s 60 x 30 ~11.64 ~97
' (2(ng4) ’ Serpentine domain 29.03 175 ~0.5 Intel i5-1135G7 CPU
Hook domain 28.44 165

Convergence speed is one of the values that reflects the optimality of a method. The faster the convergence speed, the
more efficient the method. Fast convergence speed must be accompanied by accurate objective function values within
the constraints. When the result satisfies the objective function, the convergence speed should be measured by both
the number of convergence iterations and the convergence time. As shown in Table 3, the data collection computation
cost to complete the optimization in radial basis function approach should be considered.

Wei et al. (2018) and Wei and Paulino (2020) both achieved similar convergence speeds at around 100 iterations;
however, the computation time for their methods was not specified, making direct efficiency comparisons difficult.
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In contrast, Andrade and Santos’s (2022) research significantly reduced the number of iterations required for
convergence, with only 48 and 61 iterations for 120 X 60 and 240 X 120 mesh sizes, respectively. Moreover, Andrade
and Santos (2022) reported iteration time of 1.3 seconds contributed to a notably shortened optimal time.

J. Zheng et al.’s (2024) study showed significantly faster convergence, requiring only about 0.13 seconds/iteration when
calculating irregular design domains (including Serpentine and Hook domains). However, when comparing only the
number of iterations required for convergence, J. Zheng et al.’s (2024) study required the most, more than Wei et al.’s
(2018) study, and nearly three times as many as in Andrade and Santos’s (2022) study.

Computational Cost (RBF Approach)

In Andrade and Santos’s (2022) work, the numerical examples were run on a CPU Intel Core i7-7500U, 2.7 GHz, with 16
GB of RAM. J. Zheng et al. (2024) MATLAB code was run on an Intel i5-1135G7 CPU for the problems, demonstrating a
significant reduction in computation time in a single iteration, with up to 90% faster in time per iteration compare to
Andrade and Santos’s (2022) work for the minimum compliance problem.

From these two studies, significant advancements in method optimization and coding have been observed, enabling
personal computer configurations to produce results much faster without requiring a high-performance computer for
less complex problems.

Improvement of the Optimizer (RBF Approach)

Optimization Initial Design

The advantage of creating holes in the initial computational domain (Dunning & Alicia Kim, 2013) is to help reduce the
initial volume constraint value at the beginning of the optimization, while still maintaining the stability and reliability of
the optimized structure. Reducing the value of this volume constraint is also used to optimize computational cost, such
as the total number of iterations and the total convergence time, but in practice, it can yield different results across
methods under the same computational conditions. In addition, the stability of the geometry after optimization, also
depends on the number, size, and symmetry (see Figure 2 (b)) of the initial holes. Therefore, in most methods that use
initial holes, many small holes are placed symmetrically and evenly in the computational domain. Many studies have
introduced methods for creating holes (Allaire et al., 2004b; Belytschko et al., 2003; Burger et al., 2004; Gomes &
Suleman, 2006; He et al., 2007; Sethian & Wiegmann, 2000; S. Wang & Wang, 2006; Yamada et al., 2010) in the early
stages, but Dunning & Alicia Kim’s (2013) research helps establish the connection between boundary propagation and
the creation of new holes, enabling smooth convergence to optimal solutions.

Note that the initial holes in the volume integration scheme are not non-design holes (Andreassen et al., 2011; O.
Sigmund, 2001), and will continue to be transformed into material or voids in subsequent iterations (Han et al., 2021).
Although the initial holes in the volume integration scheme may continue to transform, their appearance affects the
result, for example, making the optimized geometry asymmetrical when the initial holes are too large, or placed
asymmetrically, or when the number of holes is too small (1 to 3 holes).

The optimization process begins by first creating holes in the computational domain (Andrade & Santos, 2022; Wei et
al., 2018; Wei & Paulino, 2020; J. Zheng et al., 2024). After initializing the holes at this initial stage, the volume is reduced,
and the method then predicts the random distribution of holes during optimization.

Optimization Strategy

Andrade and Santos (2022) used the Hilbertian extension to update sensitivities without reinitialization and, combined
with decoupling the finite element mesh for the discretized structural design domain from the parameterization mesh,
enhanced both optimization efficiency and accuracy.

J. Zheng et al. (2024) introduced a new approach that radial basis function generated finite difference (RBF-RD) was
used to develop a new parameterized level set method (PLSM). The new RBF-FD-PLSM can work for both regular and
complex design domain, with rectangular and polygonal elements, respectively.
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Volume Fraction (RBF Approach)

The augmented Lagrange method was used to control volume constraints (Andrade & Santos, 2022; Wei et al., 2018;
Wei & Paulino, 2020; J. Zheng et al., 2024). In Wei et al.’s (2018), Wei & Paulino’s (2020), Andrade & Santos (2022), and
J. Zheng et al (2024) studies, the volume fraction at convergence approximated the constrained volume ratio.

Remark on Existing RBF Methods

In the studies analyzed, studies of J. Zheng et al. (2024) and Andrade and Santos (2022) fully demonstrate the values of
interest in this research framework. J. Zheng et al. (2024) used PYTHON, which may give difficulties for new researchers
due to the lack of necessary libraries (e.g., FEniCS, DOLFIN) that require installation via technically demanding efforts or
execution on colab.research.google. J. Zheng et al. (2024) had the lowest convergence time but yields the largest
number of iterations and does not yet achieve optimal results for the finer-mesh parameter. The remaining studies
lacked many of the necessary results for this research; however, Wei et al.’s (2018) study provided a concise code
snippet that applies the sparse function (Andreassen et al., 2011) to reduce the computational matrix, which could be
used for the development of multi-material optimization.

Reaction-diffusion Equation

Otomori et al. (2015) further developed the level set method incorporating a fictitious interface energy from Yamada et
al. (2010), and used the reaction-diffusion equation to introduce and provide MATLAB code for educational purposes.
Similar to Wei et al.’s (2018) research on the RBF approach, Otomori et al.’s (2015) research is also selected as the
benchmark for comparison with the RDE approach.

In Otomori et al.’s (2015) research, the exact Heaviside function (Van Dijk et al., 2012) was chosen to project the values
of the level set function onto the elements of the computational domain as 1 (material) or 0 (void). The level set function
is updated using the reaction-diffusion equation instead of the Hamilton-Jacobi equation, providing the ability to
generate complex voids without using a volume integration scheme.

To improve the efficiency, robustness, and stability of the optimization process, Seong et al. (2018) used the modified
conjugate gradient method (CGM) in combination with the RDE technique. In this approach, the modified conjugate
gradient method (CGM) helps reduce the number of intermediate density elements. The results showed that the volume
fraction value approached the constraint volume, but the convergence rate did not improve significantly.

One of the four objectives of this review is the volume fraction (Table 1). The volume fraction is the distribution of
material volume achieved during optimization, based on the volume constraint requirements. Therefore, the volume
fraction must converge to the constrained volume. However, the number of intermediate density elements can affect
this volume fraction (Y. Cui et al., 2023); specifically, as the number of intermediate density elements increases, the
volume fraction value increases. Additionally, the augmented Lagrangian equation can also cause differences in this
volume fraction (Y. Cui et al., 2023).

The first approach to limit the number of intermediate elements is to use the Heaviside function, as studied by Otomori
et al’s (2015). However, using the Heaviside function also has drawbacks, such as a zigzag shape of the material
boundary when the mesh is sparse, or many iterations are required. Therefore, a second way to achieve a volume
fraction with small error is to optimize the finite element mesh to reduce the number of intermediate density elements.
Zhuang et al. (2021) used body-fitted mesh with triangular or tetrahedral meshes for more accurate results and
smoother material boundaries. Wang et al. (2022) introduced a new method, called RDBLS, that combined B-spline
functions with RDE, significantly enhancing optimization performance and efficiency across even complex
computational domains.

Recently, the third method to improve the accuracy of volume fraction convergence was to replace the augmented
Lagrangian equation with the exact constrained volume method introduced by Y. Cui et al. (2023). Y. Cui et al. (2023)
introduced new approaches to accurately determine the exact Lagrangian multiplier for volume constraint control,
which helped to achieve the exact constrained volume result for the RDE. In the density approach, the constraint volume
is kept constant from the first computation iteration, along with control of intermediate density elements, to achieve
superior accuracy in the converged volume value. Along with improving performance, the robustness of the optimized
structures is also being further studied by Oka and Yamada (2023), specifically for nonlinear diffusion equations.
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Acceleration of Convergence (RDE Approach)

As shown in Table 4, the data collection computation cost to complete the optimization in reaction-diffusion equation
approaches should be considered.

As mentioned, Otomori et al.’s (2015) study was used for comparison with other studies that used the same reaction-
diffusion equation approach. Although Otomori did not present the results in the original study, Zhuang et al. (2021) re-
ran Otomori's code in his study for comparison. In the comparison presented, the RDE method with the non-body fitted
mesh required significantly fewer convergence iterations than the fixed rectangular-mesh RDE method and the soft-
killed BESO method, by 71.15% and 59.46%, respectively, for the cantilever problem. These results demonstrate that
the mesh significantly affects the problem's convergence speed. However, the minimum compliance function results
did not differ significantly, by less than 5%. Furthermore, the convergence time results were not discussed in this paper,
thereby failing to fully demonstrate the optimization of computation time achieved by this new RDLS method.

The results of Wang et al. (2022) indicated that for a 2D cantilever beam, the RDBLS method required 18 iterations,
completing the process in 101.1 seconds (5.617 seconds/iteration). In comparison, the Otomori's code required 104
iterations and took 146.7 seconds. For the MBB beam, the RDBLS method required 18 iterations and completed in 94
seconds, while the Otomori's code required 96 iterations and took 140.5 seconds. The results showed that with the new
method, the number of iterations needed to converge was reduced by 82%, and the total time was reduced by 31%
compared with the Otomori et al.’s (2015) results in the case of the cantilever beam. In 3D optimization, 50 iterations
were sufficient to achieve convergence for a structure with approximately one million elements.

The convergence values of Oka and Yamada (2023), ranging from 64 to 414 iterations for optimization problems, are
dependent on the value of g, an appropriate number of eigenfrequencies from the lowest eigenmode (q > 0). Y. Cui et

al. (2023) needs 101 iterations to converge the problem, and requires 2.367 seconds/iteration.

Table4 Computational cost of Reaction-Diffusion Equation based level set method.

Mesh parameter Calculation . Volume fraction Computational
Research . . Iteration
(Size parameter) Time (seconds) Vi resources
Reaction-Diffusion Equation
. 80 x 64
Oto(r;gilse)t al. 160 X 128 ) ) ) )
320 x 256
Seong et al. 132 x 400 - 100 ~0.5 )
(2018) 25 % 25 % 75 - 100 ~0.2
80 x 50 x 1 (mm?3) - 30 0.501
120 x 49 - 36 0.500
X 1 (mm?)
Zhuang et al., 30 x 30 i
(2021) X 30 (mm®) - 37 ~0.2
60 x 12
% 20 (mm?) - 24 ~0.3
200 x 100 101.1 18 0.3 Intel(R)
C. Wang et al. 200 x 100 94 18 0.3 Core(TM) i5-
(2022) 8250U CPU with
200 x 100 x 40 50 0.3 256 GB of RAM
Oka and Yamada . .
(2023) 2 % 1 (ratio) - 64 + 414 - -
Y. Cui et al. (2023) 16512 ~239.1 101 0.4 -

Computational Cost (RDE Approach)

The computational domain size was 200 X 100, which was computed using an Intel(R) Core(TM) i5-8250U CPU with
256 GB of RAM in Wang et al.”s (2022) research.

Improvement of the Optimizer (RDE Approach)

Seong et al. (2018) replaced the steepest descent method with a modified conjugate gradient method, thereby
improving convergence. Zhuang et al. (2021) used a body-fitted mesh and updated the Lagrange multiplier using a
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bisection method to increase accuracy and improve convergence. Y. Cui et al. (2023) replaced the augmented Lagrangian
method with the exact volume-constraint method to achieve the lowest volume fraction error.

Volume Fraction (RDE Approach)

In Seong et al.’s (2018) work, the penalty parameter increases the influence of volume constraints when used with the
conjugate gradient method. Specifically, when the conjugate gradient exceeds the initial gradient, the penalty
parameter is increased to accelerate convergence of the constraint. However, before convergence, the volume fraction
curve also experiences large, continuous fluctuations.

Zhuang et al. (2021) used an RDE with a body-fitted mesh to achieve high accuracy in the volume fraction results.
Compared to a fixed rectangular mesh for the cantilever beam problem, although both used the augmented Lagrangian
method to control the volume fraction, the volume fraction results for the fixed rectangular mesh and body-fitted mesh
problems were 0.5035 and 0.501, respectively. In the MBB problem, the volume fraction results obtained for the fixed
and non-body-fitted meshes were 0.5048 and 0.500, respectively.

Wang et al. (2022) continued to use the bi-sectional and body-fitted mesh method, resulting in volume fractions in the
2D problem with an error of less than 0.01. Y. Cui et al. (2023) used the exact volume-constraint method instead of used
the augmented Lagrangian to control the volume constraint, and the results showed that this method not only achieved
a volume fraction with an error of less than 0.001, but also prevented large fluctuations in the volume fraction graph.

Remark on Existing RDE Methods

In the studies analyzed, only Otomori et al.’s (2015) study lacks all the values of interest in this research framework.
Nevertheless, other results in Otomori et al.’s (2015) study demonstrated the potential for further development of
multi-material optimization, as it provides concise code and uses sparse functions (Andreassen et al., 2011) to increase
computation speed and reduce computation cost by reducing the matrix size. The remaining studies demonstrate the
stability and effectiveness of the RDE approach. The difference between these methods is that studies Zhuang et al.
(2021) and Wang et al. (2022) modify the mesh in the finite element model, whereas Y. Cui et al. (2023) used the exact
volume-constraint method rather than the augmented Lagrangian method.

Velocity Field Level Set and Other Computational Frameworks

Returning to the technique of updating the level set function using the Hamilton-Jacobi equation, Wang and Kang (2018)
introduced a new approach that uses the velocity field to evolve the design boundaries, called the Velocity Field Level
Set. Wang and Kang’s (2021) further developed this technique, using Svanberg’s (1987) Method of Moving Asymptotes
(MMA) optimizer to accelerate convergence and produce a smoother optimal geometry. Wang and Kang’s (2021) also
provided MATLAB code for this approach, for educational purposes, so this review uses Wang and Kang’s (2021)
research as a reference for comparison. In the following studies, the authors continue to improve stability and apply
other constraints, such as stress constraints by Cheng et al. (2024) and the irregular level set grid by (Jia et al., 2026).
With the body-fitted mesh based approach already achieving optimal results, Zhuang et al. (2024) further developed a
new method, the estimated Gradient Field (GFLS). This new method, combined with the body-fitted mesh, significantly
increased convergence speed while maintaining very high accuracy in the volume fraction. In addition to studies
completed with MATLAB, other programming platforms were applied to level-set-based topology optimization
research. Laurain (2018) developed a Python-based system using the FEniCS solver to calculate compliance minimization
in structural optimization. Chung et al. (2019) used NASA’s OpenMDAO framework to demonstrate the capabilities of
its computational tools for developing topology-optimized structures. Chung et al.’s (2019) research was completed for
both LSM and SIMP.

In 2023, Jauregui et al. had developed open-source software for a level set optimization approach, called ParaLeSTO.
The aim was to modularize topology optimization methods, thereby increasing reusability and enhancing interactivity
for the academic community by creating metadata. In addition to using the FEniCS analysis platform, ParaleSTO
software also includes PETSc and COMSOL analysis. Following the use of open-source computing platforms, specifically
the Portable Extensible Toolkit for Scientific Computing (PETSc), Wegert et al. (2025) introduced an extensible
framework for level set optimization called GridapTopOpt, implemented in Julia. Wang and Kang’s studies in 2018 and
2021 used the same VFLS approach, yielding similar computational speed results for both 2D and 3D problems.

In Laurain’s 2018 work, the cantilever beam numerical example benchmark with the 102 X 51 mesh size required 60
iterations to convergence, and the time result was 4.933 seconds/iteration. When the mesh size was increased to
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202 x 101, the computation time was 13.171 seconds/iteration for 82 iterations. The highest calculation time was
33.429 seconds/iteration in 302 X 151 mesh size.

Acceleration of Convergence (VFLS and Other Computational Frameworks)

Table5 Computational cost of the Velocity Field Level Set method.

. . Volume
Mesh parameter Calculation Time . . .
Research . Iteration fraction Computational resources
(Size parameter) (seconds) v
f
Velocity Field Level Set
180 x 60 - 88 ~0.5
K\;Vna”(gzgq‘;) 120 x 60 - 46 ~05 -
& 20 X 20 X 40 - 158 ~03
360 x 60 - 59 ~0.5
K\;Vna”(gzg';‘i) 100 x 50 - 68 ~0.45 -
& 26 X 26 X 26 - 164 0.1496
Other Computational Frameworks
Cheng et al. 120 x 60 - 98 ~0.5 )
(2024) 120 X 60 - 73 ~0.4
102 x 51 296 60 - .
Laurain (2018) 202 x 101 1,080 82 - CPU Intel Co;esz GQBQ igﬁfhfe GHz, with
302 x 151 8,257 247 - ’
Jauregui et al.
(2023) 40 x 10 x 10 - - 0.4 -
150 x 150 x 150 ~ 900 167 ~04 144 Intel Xeon Platinum 8274
Wegert et al. Processors with 4GB per core on the
(2025) 160 x 80 x 80 ~ 2,280 108 ~04 Gadi NCI Australian supercomputer
Chungetal.’s
(2019) 80 x 40 - 121 0.4
80 x 50 - 24 0.4999
Zhuang et al. 120 x 40 - 22 0.5001 .
(2024) 100 x 100 ) 21 0.4002 CPU Intel Core i7-12700H, 2.30 GHz
7859 89.8 24 -

The most impressive results came from Zhuang et al.’s (2024) research, which, using a standard computer configuration,
achieved a speed of 3.742 seconds/iteration for the 2D problem, requiring only 24 iterations to achieve optimal results.
In another study Wegert et al. (2025), a supercomputer was used to solve the 3D problem with a large mesh (3,375,000
elements), yielding a per-iteration computation time of 5.389 seconds.

Computational Cost (VFLS and Other Computational Frameworks)

All numerical tests of Laurain (2018) were run on a CPU Intel Core2 Q9400, 2.66 GHz, with 3.8 GB of RAM. To solve PDEs
and adapt the code for multiphysics problems, this study demonstrated the strength and efficiency of FEniCS, making it
a reliable and cost-effective tool for structural topology optimization that utilizes the level set technique.

Zhuang et al.’s (2024) research used a computer with a basic configuration: a 2.3 GHz CPU Intel Core i7 12700H. Using
the novel GFLS method, Zhuang's results achieved better optimization than the BESO (Zhuang et al., 2023), BFLS-
UPWIND (Allaire et al., 2014), and HILS (Challis, 2010) methods, all calculated on the same configuration, achieving the
smallest objective function value, a low number of iterations to convergence, and optimal shape quality. The GFLS
method's compilation cost was 43.39% and 8.39% lower than those of the BFLS-UPWIND and HIJLS methods,
respectively.

Wegert et al.’s (2025) study was the only one to use a supercomputer, demonstrating significant efficiency in computing
complex (3D) and fine-mesh problems (over 3 million elements), requiring only 167 iterations in approximately 900
seconds.

Improvement of the Optimizer (VFLS and Other Computational Frameworks)

The VFLS method used the implicit function and Hamilton-Jacobi equation, constructed with velocity field to enhance
the efficiency of multiple constraints. This approach still uses the Hamilton-Jacobi equations, similar to the RBF
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approach, then using an MMA solver as optimizer. In the following studies, the authors continue to improve stability
and apply other constraints, such as stress constraints by Cheng et al. (2024).

Volume fraction (VFLS and Other Computational Frameworks)

All the studies above used the augmented Lagrangian technique to control volume fractions. The results were all very
accurate and consistent with volume constraints, with Zhuang et al.’s (2024) volume fractions achieving particularly high
accuracy. Zhuang et al. (2024) had once again succeeded with the body-fitted mesh, combined with the Gradient Field.

Remark on Existing VFLS Methods

The VFLS method is being developed by a group of authors, and there is little research in the community. This has the
advantage of leaving a research gap for further studies, but the disadvantage is that the development area is narrow
and may conflict with the main author group. A second weakness of the VFLS method is that, although the published
code is short and very suitable for research and development, the authors use Svanberg’s (1987) MMA function;
therefore, the actual code is much longer than described, making it less attractive for customization.

Multi-material Level Set Techniques

The Importance of Multi-material Optimization

The advantages of topology optimization methods have been described and demonstrated in studies of single materials.
To apply these advantages to practice, problems with multi-materials are necessary. With a large number of outstanding
studies, multi-material optimization using the SIMP technique has achieved significant results. Using optimization for
multi-materials can achieve better strength-to-weight ratios, optimize costs when combining different materials for the
same structure (Bohrer & Kim, 2021; Doan et al., 2020), or be applied to layered-material structures (Tajs-Zielinska &
Bochenek, 2021). In practical applications, such as in the automotive field, Shah et al. (2023) developed a prototype
design for a lightweight electric all-terrain vehicle (eATV) chassis by combining titanium, aluminum, and carbon fiber
sheet molding compound. In the aerospace field, critical aircraft structures such as the aircraft pylon, engine bracket,
and front fuselage have also been studied for topology optimization applications (Zhu et al., 2016b).

In optimization involving graded porous materials, studies by Bruggi et al., (2022), Wu et al. (2018), and Schmidt et al.
(2019) show that the distributions of the solid phase of the material, a graded porous phase, and a void are a form of
multi-material optimization, where the graded porous phase value lies between 0 (void) and 1 (solid phase). In practice,
graded porous materials are used for bone screws or bone-like structures (Wu et al., 2018; Zhao & Zhang, 2021) to
improve the mechanical and biological properties of porous osseointegrated screws (Yang et al., 2024).

The development of level set methods for multi-material optimization emerged nearly a decade after SIMP, in 2004 (M.
Y. Wang & Wang, 2004) rather than 1997 (J. Liu et al., 2018; 0 Sigmund & Torquato, 1997; R. Zheng et al., 2024),
respectively. Nevertheless, research and applications of level set methods have made important progress, particularly
MM-LS techniques, which offer high customization and the potential to develop new approaches.

The section on multi-materials will discuss methods for distributing different material types within the design domain
by controlling level set functions. There are many different ways to control level set functions, and this study will classify
and analyze these control methods.

“Color” Level Set Model Method (CLSM)

As shown in Figure 3, a method called CLSM (M. Y. Wang & Wang, 2004), defines up to four phases for the distribution
of two materials defined by two level set functions. The intersection of 2 materials is defined to exist when ¢* > 0
and ¥ > 0, material 1 appears when ¢ > 0and ¢ < 0, material 2 appears when ¢V < 0and ¢‘* > 0, and
voids appear when both ¢(1) and ¢<2> negative. Then, material 1 is distributed in the intersection area. Therefore, for
each M of material, the number of phases is 2¥.

The fact that the number of phases is 2M, where M is the number of materials to be optimized in the computational
domain, leads to a significant increase in the number of phases as the number of materials M increases. This makes it
difficult to control the phases, or adds pressure on the computational equation.
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Figure 3  The ‘Color’ Level set for multi-material strategies: M = 2 materials, phase number = 2M = 4,

Due to the disadvantage of increasing the number of materials to be optimized, the CLS method has not been widely
adopted, and most studies stop at 4 phases, including voids (corresponding to 2 level set functions). Nevertheless, some
studies have taken advantage of the CLS method's such as ability to generate 3 material phases from 2 level set
functions, as well as its smooth phase transitions at boundaries and prevent the material overlap, such as Zhou et al.
(2022) researched on multiphase auxetic metamaterials, Ghasemi et al. (2018) researched on flexoelectric composites,
and P. Liu et al. (2016) used the union phase to define the bonding interface.

Multi-material Level Set (MM-LS) Method

To overcome the shortcomings of the CLSM method, Wang et al. (2015) introduced a completely new approach in which
the total number of materials and void in the computational domain to be optimized equals the total number of phases,
M+1, where M is the total number of materials. Thus, the number of phases for the material (excluding voids) is also
equal to the number of level set functions. This approach makes controlling the level set functions easier and makes
increasing the number of materials to be optimized more feasible. Furthermore, the fact that the number of phases for
the material (excluding voids) equals the number of level set equations also facilitates the development of new methods
based on MM-LS, as analyzed below.

First and original, the expression for cases with up to three materials in Wang et al.’s (2015) research is represented in
Figure 4. The ¢<1> is used to define the solid or void phase; therefore, in any area where d)(l) < 0, the void has appeared.
The ¢‘® > 0 is used to present material 2 in the solid phase when ¢ > 0. When ¢‘* < 0, the rest of the solid
phase is defined by material 1. Material 3 appears in the material 2 zone when ¢’ > 0. In case ¢‘* < 0, the material
2 zone is not replaced.

(p(l) > g,d)(z) <0 ]
¢(1) > 0'¢(2) > 0‘¢,(3) <0 .

Void ‘p(l) > D'dJ(Z) > U,¢,(3} >0 .

Figure 4  Original MM-LS scheme for 3-material (4 phases).

According to Y. Wang et al. (2015), material occurrence was governed by level set functions. The main difference from
the CLSM method was that a single level-set function (qb(l)) controlled the occurrence of all materials. Under the
conditions for material occurrence, this level set function should always be positive; when it is negative, voids will
appear. For consistency with other methods, Table 6 presents the conditions applied for three materials: code A
indicates material occurrence, while code B indicates voids.
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Table 6 The condition of the materials and the void phases in 3-material case.

Condition Phases Functions
A3 Material k" (o, 02,0}
A-2 Material k" {p, @), -}
A-1 Material K {¢V, —¢p@, —¢©)}
A-0 Material k" (o, =92, ¢}
B-1 Void {_¢(1)’ ), ¢<3)}
B-2 Void {_¢<1>’ @, _¢,<3)}
B-3 Void {_¢<1>’ —p@, ¢,<3)}
B4 Void (), —p@ —p@)

where k = 1,...,M = 3; M is the number of materials

Material 1, material 2, and material 3 denote materials of increasing stiffness: softest, medium, and hardest,
respectively. Figure 5 shows the order and appearance conditions of these materials in Y. Wang et al.’s (2015) study,
where the hardest material (material 3) appeared first.

[Material 3 ]——[Material 2 ]—[Material 1
A1 A-0 (A2 ) (A3)

Figure5 Diagram of the possible material distribution under the condition ¢p; > 0 in Wang et al.’s (2015) research.

Nguyen-Tran et al.’s (2025) research applies the exact volume constraint (Y. Cui et al., 2023) with MM-LS. In the 3-
material problem, material 3 appears under condition {¢'* > 0, > 0, > 0}, and material 2 appears under
condition {¢‘V > 0, > 0, < 0}. Material 1 occurs for all values of ¢5 {dpV) > 0,¢? < 0,vp®}, while the
void state occurs for all combinations of ¢* and ¢‘*, but only when ¢{!’ is less than 0 {¢'* < 0,¥¢‘?), v®}. The
study by Nguyen-Tran et al. (2025) used the same material reconstruction conditions as in Y. Wang et al.’s (2015)
original study. The difference is that the softest material (material 1) appeared first under the same A-0 and A-1

conditions, as shown in Figure 6.
[Mater\'a\ IHMater\‘a\ 2 ]—[Mater'\al 3
(A1) (AD) (A2 ) (A3

Figure 6 Diagram of the possible material distribution under the condition ¢p; > 0 in Nguyen-Tran et al. (2025) research.

Next, M. Cui et al. (2016) applied the RDE technique to the improved MM-LS method, using all level set functions
simultaneously to control the occurrence of each material. In M. Cui et al.’s (2016) study, the application of level set
functions for material reconstruction was modified. Unlike Wang's original study, in which all conditions in code A were
used to reconstruct the materials, M. Cui et al.’s (2016) study adjusted the application to use only one condition for
each material, as shown in Figure 7.

In this case, the condition A-2 in code A is also presented as void (see Figure 8). However, since condition A-2 still has
¢V > 0, a material currently under condition A-2 can be transformed into conditions A-1 and A-3 if any level set
function, ¢® or ¢, changes sign. This phase shift is weak, but it is still possible if the conditions defined by the sign
of the level set function are met. The advantage of M. Cui et al.’s (2016) method is that the material reconstruction rate
for each material is mathematically identical, making it suitable for more than three materials when each is defined by
only one condition.

>0, >0, >0@
o > 0,0 < 0,0 > 0@

Void ¢,h> > 0_¢,u) < 0'¢(1J <0 .

Figure 7  Modified MM-LS scheme for 3-material (4 phases) by M. Cui et al. (2016).
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However, the initial appearance of the weakest material can make it difficult to replace voids later in practice. To explain
this disadvantage in detail, initially, the softest material appears throughout the entire domain. When hard materials
replace the load-bearing areas, the softer materials must redistribute to support the structure. Nevertheless, these
areas may already have been replaced by voids (condition code B). This makes it difficult for the softest material to
replace them, because it increases compliance. There is evidence in Cui's results that the softest material appears as
small dots around the harder material.

Material 1 Material 2 Material 3

Figure8 Diagram of the possible material distribution under the condition ¢; > 0 in M. Cui et al. (2016).

The approach in Wang et al.’s (2015) and Nguyen-Tran et al.’s (2025) method showed that all conditions with ¢p; > 0
are used to determine the material, and that there is always a preference for a material with more conditions to appear,
with Wang et al. (2015) prioritizing the hardest material, while Nguyen-Tran et al. (2025) prioritizing the softest
materials. This selection can lead to over prioritization when increasing the number of materials to be optimized, and
also create differences in the allocation of conditions for material reconstruction. M. Cui et al.’s (2016) method can
adjust a material's condition to address this problem. However, improvements are still needed in the order of material
appearance and in the systematic selection of conditions.

pM >0 @

P >0npM <0 [}
$N>0ng® <ongV <0 @

Void D

Figure9  Modified MM-LS scheme for 3-material (4 phases) by Sha et al. (2021).

Using an alternating active-phase formulation and a difference-set-based multi-material level set (DS-MMLS) design,
Sha et al. (2021) presented a revolutionary multi-material level set topology optimization technique. Sha et al. (2021)
developed a new approach by using the MM-LS method; however, by applying the alternating active-phase
methodology, the challenge of multi-material topology optimization can be transformed into a succession of binary-
phase sub-problems (Sha et al., 2021). The sub-problems help reduce the number of variables and the volume
constraints (Sha et al., 2021). First, material 1 will appear in the design domain where ¢(1) > 0. Next, material 2 will
appear in the region where ¢<1> <0n <;b(2) > 0, it must not overlap with the region where material 1 already exists.
Then, according to the above principle, material 3 appears when ¢V < 0N ¢® <0 n ¢ > 0, it must not overlap
with the region of material 1 and material 2 before (see Figure 9).

Although Liu and Ma (2018) and Sha et al. (2021) also used the MM-LS method, their approaches shared some
similarities with the CLSM method in defining the intersection region. Specifically, to optimize the level set using
component-length-scale control on multi-material structures, Liu and Ma (2018) directly defined each level set function
to represent each material phase, as shown in Figure 10, thereby freeing the dependent length-scale control. However,
Liu and Ma’s (2018) research is limited to two materials, with materials 1 and 2 corresponding to level set functions 1
and 2, respectively, when they are positive. The intersection region between the two materials is defined as the
intersection of two positive level set functions, assigned a stiffness value equal to 0.5 times the stiffness value of the
softest material.
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¢<1)>0 @
P?>0 @

Void D

Figure 10 Modified MM-LS scheme for 2-material (3 phases) by Liu and Ma (2018).

Recent studies on multi-material level-set-based topology optimization (MM-LS) show that the method has been widely
adopted and is developing rapidly. Only Sha and Nguyen's study optimized more than 3 materials, specifically 5. Other
studies, especially Kumar and Rakshit (2025), although introduced in the methods section as optimizing for up to 3
materials, reported results that optimized only for 2 materials (see Appendix B).

The common point of these methods is that they all use the exact Heaviside function to determine the elastic stiffness
for the materials, where when the conditions are met, the exact Heaviside function will set the corresponding level set
values to 0 (void) and 1 (material), and assign them to the elastic stiffness values through equations (2) to (7).

Some Other Methods

Not limited to multi-material optimization for structures, the MM-LS method is also applied to other fields such as heat
transfer problem (Shen & Feng, 2018; X. Xu et al., 2022, 2023), electromagnetic problem (Tian et al., 2022), and coated
structures with multiple infill materials (Bai & Zuo, 2022). This demonstrates the wide range of applications of the MM-
LS method across multiple fields. In these studies, the MM-LS method is applied using approaches similar to those used
in minimum compliance optimization. Although the MM-LS method has been applied in many studies, new methods
have been introduced to supplement level set optimization. Several methods differ significantly from CLSM or MM-LS,
such as Noda et al.’s (2022) extended level set (X-LS) method and Sugimoto et al.’s (2024) multi-phase-field multi-
material topology optimization model.

The X-LS method treats voids as a material type, and a level set function defines a pair of materials. When this level set
function is zero, it represents the boundary between the two materials. Because of this approach, the X-LS method for
optimizing a problem with M phases requires M? level set functions. For example, in a single-material optimization
problem, with M = 2 phases, the number of level set functions required is M? = 4; in a 3-material optimization problem
(2 material phases + 1 void phase), with M = 3 phases, the number of level set functions required is M? = 9. It can be
seen that with the X-LS method, increasing the number of materials requires more level set functions to control each
material type than with the CLSM method. However, each function is precisely defined to manage a pair of materials
within the total number of materials to be optimized, ensuring the problem remains feasible with the required number
of materials. The X-LS method has demonstrated optimal efficiency for up to 9 materials (8 material phases and 1 void
phase), showing its applicability.

As for Sugimoto et al.’s (2024) multi-phase-field multi-material topology optimization model, voids are treated as a
material type, and each phase is defined by a level-set function, called a phase-field (PF). Sugimoto et al.’s (2024) method
requires one additional level set function than the MM-LS method and has also proven effective, achieving optimal
results for up to 6 materials (5 material phases and 1 void phase).

The Limitations of the Previous MM-LS and Future Works

The disadvantages are most evident when optimizing for multiple materials. First, the results do not show the total time
to complete the iterations (except Kumar and Rakshit (2025)), so it is not possible to determine which approach is faster.
The number of iterations varies across studies, depending on the author's purpose. Therefore, if the computation time
per iteration were available, a comparison of convergence speeds between methods would be more appropriate.

The second concern is the volume fraction. Regarding volume fractions, materials within the multi-material
computational domain often have low volume constraints, leading to larger discrepancies in volume fraction results
when combined with intermediate elements and the augmented Lagrangian method. Specifically, previous studies did
not provide precise results for the volume achieved after optimization; the results were only shown graphically
(approximately). In particular, there were cases where the volume did not converge to the given constraint, such as Sha
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et al.’s (2021) study, which yielded a volume of approximately 0.28, while the constraint volume was 0.2. Similarly, in
Kumar and Rakshit’s (2025) study, neither volume result converged to 0.25 as the constraint volume. Currently, only
Nguyen-Tran et al. (2025) used the exact volume constraint to address this issue.

Analysis of the aforementioned multi-material optimization studies reveals that the results proposed in these previous
studies have not been fully demonstrated by the previous authors, or may even be omitted or misjudged (Kumar &
Rakshit, 2025b; Sha et al., 2021). This creates a suitable research gap, where one or more new approaches are needed
that fully represent computation speed (time per iteration), computational cost (to support the popular application of
the method), and volume fraction (convergence criteria).

From these observations, it is clear that, in future research, the application of the MM-LS method in multi-material
optimization still presents significant research gaps. First, the MM-LS method should be improved to use a single
material per condition, and verified with more than three materials, as M. Cui et al.’s (2016) study failed to do. Next,
the volume fraction value (accurate) should be improved compared to the constraint volume while still applying the
Lagrangian augmentation method. Finally, the computation time value could be considered for presentation to develop
the first comprehensive comparative study.

Results

Comparative Analysis for Single Material Approaches

From the summary Tables 3 to 5 above, studies provide relatively complete results for the number of loops, but the
total time required to complete them is not fully published. When comparing the time required to execute one loop,
the results show that the study of Andrade & Santos (2022); J. Zheng et al. (2024) - RBF; C. Wang et al. (2022) — RDE;
and Zhuang et al. (2024) are the most optimal in iteration number and convergence time. Note that the device's
computing power affects the computation time per iteration, but, interestingly, the results of these research show that
the personal computer can be used to achieve the optimal results.

The Reaction-Diffusion Equation (RDE) (Otomori et al., 2015), Velocity Field Level set (VFLS) (Y. Wang & Kang, 2021),
and Radial Basis Function (RBF) (Wei et al., 2018) methods all provide useful, open research code and are all executable
on personal computers, making them more accessible to a wider range of researchers. However, the studies selected
as references for each approach do not fully demonstrate the values that this review aims to achieve. Furthermore, the
reason for selecting these studies as references for each approach is that they present the original methodology. From
there, this review paper work will continue to calculate the time per iteration for studies Wei et al. (2018), Otomori et
al. (2015), and Y. Wang & Kang (2021) in section Results to compare them on the same system.

The RBF and VFLS approaches both solve the Hamilton-Jacobi equation, creating symmetry holes in the initial design to
improve convergence and reduce computation time. The RDE approaches, on the other hand, do not solve the Hamilton-
Jacobi equation but instead solve the reaction-diffusion equation, which reduces computation time by eliminating the
need for re-computation as in the Hamilton-Jacobi problem, and helps achieve the optimal result more naturally without
creating holes in the initial computational domain.

In this comparison, to ensure a fair comparison of different approaches, the following criteria will be considered:

1. The AMD Ryzen 5 5600H (3.3GHz~4.2GHz) multicore CPU with 64 GB of RAM is used to run this program in
MATLAB R2023b (License 40908710) for the numerical examples. 64 GB of RAM can provide sufficient memory
for all numerical benchmarks.

2. Mesh parameters: all numerical computation cases are performed with the same finite element meshes. 5

mesh parameters are compared, including 60 X 30, 80 X 64, 120 X 60, 160 X 128, and 240 x 120.

Volume fraction: Each approach optimizes the problem with a constrained volume of 0.5.

4. Parameters for each approach: published studies confirm that the parameters selected for each method have
been optimized using the algorithm; therefore, the parameters are retained, including each approach's
convergence criteria.

5. Objective function: In Wang et al.’s (2021) study, to reduce the influence of design domain size differences on
compliance results, Wang et al.’s (2021) used normalized compliance values. In the current study, the design
domain dimensions are similar across methods, so the comparison results are minimal compliance.

w
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Additionally, Otomori et al. (2015) code has been corrected by the current research for the incorrect placement
of force points in the finite element model, resulting in accurate compliance.

6. The compliance criteria are kept by the original works, which may lead to differences in the total number of
iterations required for convergence.

7. Therefore, computation speed will be compared using time per iteration. The stability of each method is
determined by the stability of the iteration number results due to different mesh parameters.

The cantilever beam with the design domain as shown in Figure 2(a) is optimized using RBF, RDE, and VFLS for 2D
compliance minimization problems. The 5 mesh parameters and results are presented in Table 9, whose volume fraction
is set to 50%, a concentrated force F = 1, the Poison's ratio is v = 0.3.

Regarding convergence speed, for a 60 X 30 mesh parameter, all three methods yield very fast per-iteration
computation times. The computation time per iteration increases with increasing mesh size. However, the RDE method
shows a significant improvement over the other two methods, requiring 108 seconds per iteration at a 240 X 120 mesh
size, whereas the RDE and VFLS methods require less than 1 second per iteration at this mesh size. Figure 11 illustrates
the trend in computation time for the three approaches across 5 increasing levels of mesh parameters, all tested on the
same personal computer.

The convergence iteration results indicate that RBF and RDE methods are stable, with little difference in iterations across
mesh sizes. On the contrary, the VFLS method relies on parameters, leading to fast computation but unstable
convergence. This conclusion is based on experiments using problems from Y. Wang & Kang’s (2021) study, which also
showed highly parameter-dependent results.

Table 7 The comparison results of cantilever beam numerical example in 5 mesh parameters using 3 level set
approaches.

60 x 30 80x64 120x60 160x128 240x120
Radial Basis Function (Wei et al., 2018)

Optimized geometry E @ @ % @
100 94 100 91 79

Mesh parameters

Iterations
Time per Iteration (seconds) 0.194 1.189 2.667 42.34 108
Compliance 59.858 21.955 60.048 22.566 60.45
Volume fraction 0.499 0.499 0.5 0.499 0.5
RAM usage (GB) 0.4 1.6 3.4 18.8 42.6

Reaction-Diffusion Equation (Otomori et al., 2015)

Optimized geometry @ % E % @
112

Iterations 107 110 104 111
Time per Iteration 0.075 0.115 0.146 0.314 0.434
Compliance 63.682 22.313 62.743 22.711 63.473

Volume fraction 0.5 0.5 0.5 0.5 0.5

RAM usage (GB) ~ 0.05 ~ 0.05 0.1 0.1 0.2

Velocity Field Level Set (Y. Wang & Kang, 2021)

Optimized geometry E » E » @
299

Iterations 223 228 101 91
Time per Iteration 0.119 0.176 0.204 0.392 0.582
Compliance 60.681 21.712 60.197 22.106 61.051

Volume fraction 0.5 0.5 0.5 0.5 0.5

RAM usage (GB) ~ 0.05 ~0.05 0.2 0.2 0.3

The methods also showed different computational resource usage. Proportional to computation time, RAM usage
increased with increasing mesh size. The RDE and VFLS methods only required between 50MB and 200MB of RAM for
the smallest to largest mesh sizes in Table 7. The RBF method, on the other hand, used a lot of RAM, 400MB for the
smallest mesh size, and increased rapidly to 42.6GB for the largest mesh size. Therefore, in the comparison presented
in this review, the computer system used could not compute mesh sizes larger than 240 X 120 due to exceeding the
available RAM capacity.
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Figure 11 Convergence times of RDE (Otomori et al., 2015), VFLS (Y. Wang & Kang, 2021), and RBF (Wei et al., 2018) in 2D
cantilever beam optimization.

Discussion

In this study, the aim is to analyze and list the results that have been improved using the level set method since Van Dijk
et al.”s (2012) study for single-material problems, and to mention new techniques for single-material, such as velocity
field level set, exacted volume constraint, body-fitted mesh method, gradient field method, and bi-sectional method.

As mentioned, the purpose of this review is to clarify the advantages of methods using level set functions in terms of
convergence speed, computational cost, and optimization accuracy. Tables 3 to 5 primarily summarizes optimization
problems for minimizing compliance in structures, highlighting the diversity and complexity of computational costs
(computational complexity). First, the number of iterations required for convergence needs to be considered. For 2D,
many studies start with a 60 X 30 mesh (Wei et al., 2018; J. Zheng et al., 2024). At this mesh size, early studies reported
convergence after more than 100 iterations. Later studies focused on reducing the number of iterations required for
convergence while keeping or increasing the mesh size. The most notable results are those of Zhuang et al., (2024), who
achieved 22 iterations for a mesh size of 120 X 40, and C. Wang et al. (2022), who achieved 18 iterations for a mesh
size of 200 X 100. However, according to this review paper, while the reduction in the number of convergent loops is
significant, it does not fully reflect the computation time, as the total optimal computation completion time is also a
crucial value in the optimization problem.

Another problem that arises when using a coarse mesh like 60 X 30 is that the optimized geometry is not smooth.
Therefore, a further research scheme could be to use methods to directly smooth the geometry (Azari Nejat et al., 2022;
Huang, 2020, 2021) or to do so through post-processing (Subedi et al., 2020; F. Wang et al., 2011; Yi & Kim, 2017).

Based on the comparison results, the RDE method demonstrates accuracy, stability, and potential for improved
optimization. Therefore, RDE is a potential approach for multi-material optimization with high computational efficiency,
and M. Cui et al. (2016) applied it to demonstrate the reproducibility of materials. However, M. Cui et al.”s (2016) study
and other studies have not mentioned the computational efficiency. Therefore, some newer studies using RDE for multi-
material optimization, such as Kumar and Rakshit (2025) and Nguyen-Tran et al. (2025), have provided more information
on computational efficiency, which will serve as a basis for comparisons in future studies.

Multi-material optimization still has many avenues for development, especially the MM-LS method. Most studies
indicate that the majority are modifications of existing methods aimed at achieving better performance and control of
material distribution. Furthermore, level set methods are not limited to structural optimization; they can be applied to
many related problems, such as fluid topology optimization (Li et al., 2023), inverter mechanism (Kumar and Rakshit,
2025), electromagnetic (Tian et al., 2022), and heat transfer problems (Shen & Feng, 2018; X. Xu et al., 2022, 2023),
demonstrating the extended application of LSM in single- and multi- material optimization.

Conclusion

This review paper presents a comprehensive analysis of the effectiveness of recent studies on level set based topology
optimization for single-material using different approaches. These review analyses focus on significant changes in
convergence speed, novel optimization solutions, and the influence of intermediate density elements on the volume
fraction. Comparisons are based on real-world data and common problem approaches. Furthermore, this review
includes a comparative analysis of three representative level set method approaches: RBF, RDE, and VFLS. The results
show that the RDE approach achieves optimal efficiency and high stability, and has the potential for further optimization
in complex computational domain studies, such as multi-material optimization.
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This review also compiles studies with accompanying code for education, allowing readers to quickly select and check
the advantages and disadvantages of their desired method, in addition to the three comparisons already performed in
the results section of this review.

In the multi-material optimization section, the MM-LS method demonstrates its feasibility for developing new methods
by combining it with optimization techniques for single materials and by controlling the combination of level set
functions. Note that the volume fraction values for each material in multi-material optimization will vary considerably
compared to single-material optimization; therefore, mesh optimization methods such as body-fitted meshes or the
exact volume-constraint method will be necessary to achieve accurate volume fraction values.

In this study, the research paper has not yet performed comparative calculations for 3D structures. This proposed
research is interesting in moving from single-material approaches to more complex ones for multi-material 2D
structures. Studies on 3D structures will be carried out in future research and will focus on level-set-only methods.

However, to introduce a perform the 3D structure works, a paper by Yago et al. (2022) that compared different methods,
including SIMP, BESO, VARTOP, and LSM, for 3D structures. This comparative paper compares a computational domain
of up to 1 million elements, using High Performance Computing (HPC) with a configuration of two AMD EPYC 7451
processors with 24 cores, 2.9 GHz, and 1 TB of DDR4 RAM. Yago et al.’s (2022) paper presents several noteworthy
comparative results, including the finding that using the LSM method may require more than 1000 iterations in the
cantilever beam and L-shaped structure problem.

The following optimizations can be implemented in the near future to improve the level set methodology:

8. Reduce the number of iterations required for convergence.

9. Effectively control intermediate values to increase the accuracy of volume fraction results, especially at low
volume constraints.

10. Apply to multi-material optimization with new approaches for 2D and 3D.
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